Abstract-If a continuous straight line segment is digitized on a regular grid, obviously a loss of information occurs. As a result, the discrete representation obtained (eg., a chaincode string) can be coded more conveniently than the continuous line segment, but measurements of properties (such as line length) performed on the representation have an intrinsic inaccuracy due to the digitization proces. In this paper, two fundamental properties of the quantization of straight line segments are treated.
INTRODUCTION
IN THIS paper, we will derive two fundamental properties of ldigitized straight line segments. First, it will be shown that the chaincode string of any straight line segment can be oneto-one characterized by a set of four integer parameters. Sec- ondly, we will derive the set of all continuous straight lines which could have generated a given chaincode string. The results derived here for the digitization for straight line segments may be used in a first-order approximation to arbitrary curves, the so-called polygon-approximation [I J .
The first property derived may be useful for the efficient encoding of digitized line drawings and two-dimensional contours. Examples ate the analysis and storage of line patterns in computer-aided design (CAD-CAM) and cartography, and the treatment of two-dimensional contours in industrial inspection [2] . The second property shows the fundamental loss of accuracy caused by the digitization of continuous straight lines. It also gives an explicit mathematical expression for the set of all lines lying near a specific chaincode string (near understood in the sense of the well-known chord property, as in [31) . 11 . BASIC DEFINITIONS For the digitization of two-dimensional binary images two methods are frequently used: * OBQ (object boundary quantization), in which the outermost points still belonging to an object are digitized by a chaincode string [4] * GIQ (grid intersection quantization), in which the grid points closest to a curve whenever it intersects a row or a column of the grid are connected by a chaincode string [5] [ Fig. 1(c) ].
In this paper we will restrict ourselves to straight object boundaries and/or straight line drawings and consequently to "straight strings." By definition, a straight string is a string that could have been generated by the digitization of a straight object boundary and/or straight line drawing. Straight strings 0162-8828/84/0700-0450$01.00 X) 1984 IEEE The GIQ-quantization of a line y(x) = ax + e' is given by satisfy the linearity conditions [5] and the chord property [3] , while nonstraight strings do not.
We take the digitizing grid to be a square grid, and the chaincode strings to be made up of 8-connected chaincodes. It has been shown that this case can be generalized to other regular grids (e.g., the hexagonal grid) or other connectivities by straightforward computations [6] .
For convenience in the mathematics, we will only consider strings consisting of chaincodes 0 and/or 1. This is no restriction: since the straight strings satisfy the linearity conditions, they consist of at most two different chaincode elements, differing 1 (mod 8). By a suitable choice of coordinate axes, one can therefore write a straight string as a string consisting only of the chaincode elements 0 and/or 1, corresponding to the directions (') and ( ) (Fig. 2) .
Consider a line in the first octant of a Cartesian coordinate system, given by y(x) = acx + e. The OBQ-digitization of this line is, in the first n + columns, given by [y(i)j = [ai + ej i=O, 1,2, * ,n. (1) In this paper, [x] denotes the floor function, defined as the largest integer not exceeding x. We will also need the ceilingfunction, [xl, defined as the smallest integer not smaller thanx.
We will denote a chaincode string by its symbol, followed by a description of the ith element ci. The chaincode string C corresponding to (1) is
(2) and the corresponding string again by applying (2). So, in the case of straight lines, GIQ can be obtained from OBQ by the substitution e e' -1/2. (This is not true in general!)
In this paper we are solely concerned with straight lines, and therefore we will only treat OBQ. In Section III we will prove that any straight string C can be characterized by a set of four integer parameters. In Section IV we introduce the "domain" of a given chaincode string as the set of all continuous lines that would, after digitization, result in that string. In Section V these domains are related to the chaincode strings, and a mathematical expression for the domain of an arbitrary string is given.
III. THE QUADRUPLE (n, q, p, s)
In this section it will be proved that any straight chaincode string C can be uniquely characterized by a quadruple of basic parameters, which we will write as (n, q, p, s).
As a preparation, we need three theorems from the theory of numbers.
Theorem 1: Let P, Q, K, and L be integers. If P/Q is an irreducible fraction, then the equation
has, for any given L, precisely one solution K in the range O < K < Q.
Theorem 2: Let P/Q be an irreducible fraction, and let i assume Q consecutive values i = k + O,i = k + 1, .* * , i = k + Q -I for some k EZ. Then i(P/Q) (mod 1) assumes all values O/Q, 1/Q, * * *, (Q -1)/Q, once and only once (in some order).
Proof A proof of these theorems can be found in most introductory books on number theory; see, e.g., [7] . 
where P, Q, S, and N are integers, P/Q is an irreducible fraction, and O< S < Q. Proof: Let the line to be digitized be given by y = ax + e and consider its digitization in N + 1 columns of the grid, leading to a string of N elements.
We choose two integers P and Q satisfying two constraints. 1) P/Q is an irreducible fraction.
2) In the N+ 1 columns considered, the digitization of the line y = ax + e is identical to the digitization of y = (P/Q) x + e.
(These conditions mean that P/Q is a "very good" rational approximation of a. Since the set of rationals is dense in the set of reals, pairs of P and Q exist; in fact, one (5) where the last transition is allowed since the first term between the brackets in (5) Q.E.D. Theorem 4 states that any string C can be characterized completely by a quadruple of parameters: N, Q, P, S. This quadruple was derived from a line whose digitization is C, and is not uniquely determined: many different quadruples can represent the same string C. For calculations later in this paper we need a "standard" quadruple of defining parameters (n, q, p, s) which is uniquely determined and which can be calculated from the chaincode string C itself. This standard quadruple (n, q, p, s) will now be defined. This is done by showing (Lemmas 1-3) how N, Q,P, and S can be found in terms of a chaincode string, and then taking a specific, uniquely determined, quadruple as definition for the "standard" representation of the discrete straight line (Definitions 1-4).
First, from (4) it is seen that N is the number of elements of C. Therefore, the uniquely determined standard value n of N can be defined simply by the following.
Definition 1: n is the number of elements of C. For the determination of the standard value of Q, P, and S we have to introduce a string CO, defined by
Note that C is the part of CO. in the interval i = 1, 2, *--, N.
The parameter Q has the following property. Lemma 1: Q is the smallest periodicity of CO.
Proof-By substitution in (7) it is obvious that ci Q = ci and therefore that CO. has a periodicity Q. Suppose CO. has a shorter periodicity K, with 0 < K < Q. If Q = 1 this is impossible. If Q 1, we can always find a value of j such that ;= 0 and Ci + K = 1. This will now be shown.
We demand the following: 
To determine a value of j such that the conditions (8) and (9) are not contradictory, we examine two cases separately. a) P/Q < 1 -(KP/Q mod 1). In this case we choose J such that (JP/Q mod 1) = 1 -(KP/Q mod 1). Since the righthand side of this equality is one of the fractions O/Q, 1/Q. * *, (Q -1)/Q, it follows from Theorem 2 that J exists. Equation (8) (9) is also satisfied. b) P/Q > 1 -(KP/Q mod 1). In this case we choose J such that (JP/Q mod 1) -P/Q. Equation (8) is satisfied, and since (9) is also satisfied.
In both cases we have the contradiction cs+ J * Cs+ J+ K which implies that the string CO. as no periodicity K smaller than Q. Hence, Q is the smallest periodicity.
Q.E.D. Now, it is obvious that the smallest period of a string CO, of the form (7), which is identical to C on the finite interval i= 1, 2, * , n, is at most n (we define the periodicity to be n if the string is completely aperiodic on the interval considered). We will take this smallest periodicity as the standard value for Q.
So, if we define q to be the smallest periodicity of C:
q=min{k{1, 2, * ,n}I k k = n V Vi Cl, 2, , n -k}:ci = ci+k} then q is uniquely determined if C is a straight string.
In C.O defined by (7), the parameter P has the property:
within one period Q:
Since P/Q is irreducible, Theorem 2 yields that every value in the two sets occurs once and only once if i assumes Q consecutive values. Hence co1i = 1 occurs P times, and c oi = 0 occurs Q -P times, and we have P = iQ cooi.
Since q is only a special choice for Q, defined in the finite string C instead of COO, we must define the standard value p of P corresponding to this choice as follows.
Therefore p is also uniquely defined. In COO, the parameter S has the following property: Lemma 3: S is the unique integer in the range 0 < S < Q satisfying:
Proof: It is obvious from (7) that S satisfies this condition. It remains to be shown that S is the unique solution. We do this by a reductio ad absurdum.
Suppose S' : S also satisfies the condition. If Q = 1 this is impossible, since there is only one S in the range 0 < S < Q, namely S = 0. If Q # 1 we derive a contradiction by finding a value ofj for which
By an argument completely analogous to the proof of Lemma 1 (by putting S + K = S') we can show that a value of j can always be found, and hence a contradiction is inevitable. Q.E.D.
As in the case of q and p, s is defined by adopting Lemma 3 to the string C. It is a direct consequence of the Lemmas 1-3 and the Definitions 1-4 that the quadruple (n, q, p, s) can be determined uniquely from the string C; so, we have the following.
Theorem 5: Given a straight string C, one can determine the quadruple of parameters (n, q, p, s) uniquely.
Conversely, we have the following. Theorem 6: If the quadruple (n, q, p, s) can be determined from a string C, then C is a straight string, uniquely determined by n, q, p, and s.
Proof: Definitions [1] [2] [3] [4] imply that the string C can be written uniquely as 
r+ k = Ci} which we will sometimes write as C= code (n, q, p, s).
In Section V we will use this description to derive an expression for the domain of C. In other words, all information present in the string C is contained in the quadruple (n, q, p, s).
Combination Closer scrutiny reveals that an arbitrary domain is either triangular or quadrangular and hence the digitization of any line is determined by three or four grid points only (this will be proved in Section V).
A geometrical interpretation of this fact is shown in Fig. 4 , where an arbitrary chaincode string C has been drawn. As stated above, there are many lines leading to this string. One of these lines will be found to be of special importance (Section V). This is the line Y given by Y: y =P(x-s)+[ 1where q, p, and s are derived from C by (12). It was shown that this line has indeed C as its digitization (proof of Theorem 6). This line is indicated in Fig. 4(a) . Fig. 4(b y(x)-(x-s)P + 1.
We are looking for all lines y = ax + e whose digitization is C,
i.e., we have to solve
[aCi+ e] = ((i-)q pSPql (i-0,1,2, -,n). (15) This is in fact a set of n + 1 conditions on a and e. We will need two functions Ln,q(x) and Fq(x) (pronounced "last x" and "first x,'> respectively) defined as Ln,q(x) = x + q and Fq(X)= X q.
Note that n-q<Lnq(x).<n and O.Fq(x)<q. Inthispaper n and q will always indicate the n and q of the string C considered. Therefore we will drop the subscripts n and q and write L(x) and F(x) for Ln,q(x) and Fq (x), respectively.
It should be noted that F(s) = s, since 0 S s < q. In the remainder of this section, we will often use F(s) instead of s, since the symmetry of some of the formulas is then apparent. 
It follows from (1 7a) and (17b) that a-< p/q < a+. In Fig. 5 the shaded area of Fig. 4(b) is schematically drawn. The interpretation of the variables defined above can be inferred from this figure.
After these preliminaries let us proceed with the calculation of the solutions (e, a) of (15). Lemma Proof: We will prove this lemma by specifying a solution to the n + 1 conditions given in (19) in the range a-< a < oe+, and proving the impossibility of a solution outside this range.
Unfortunately, the proof consists of several cases and subcases. Some of these cases are very similar; we will then only treat one representative in detail.
First of all, the range of oa is divided into two parts: p/q < az <a, and a-<a <p/q, of which we will only treat the former in detail. Introducing a small but positive 8 (0 <6 < l/qq+), we claim that a solution of (19) is (e', a'), with i) ForF(s) < i<L(s+l)we have
Using the fact that Proof By Lemma 4, only values of a in the range oa < a < ca, need to be considered. As in Lemma 4, we will only treat the case p/q < a < ao, since the case a-< a < p/q is completely analogous. 5 ). Let this line intersect an arbitrary line y = ax + e in a point P = (x,,y,), with xp = (e -e+)/(a+ -a). Let us also define a line with slope p/q through P: yo (x) = p/qx + eO, with eo -p/qx1 + yp. Due to the fact that p/q < a < a+ we have for i>xp: P i+eo <ai+e< a,i+e, It will be convenient to introduce a line also passing through P, but with a slope infinitesimally smaller than a,. If we use 6 as a small but positive number, this line is y+(x) = (a, Using the definition of the floor-function, this implies that the floor of ai+ e also equals [YiJ, for i= 1, 2, * *-, n. We therefore have the result that a solution of (27) can always be found if F(s) < xp < L(s + 1).
ii) xp <F(s). With xp in this range, no solution of (27) We have therefore found that the only values of xp for which a solution to the (n + 1) conditions of (27) Fig. 6(c) .
As These results were all derived for OBQ-digitization on a square grid, represented by an 8-connected chaincode string in the first octant. It should be noted that they can be easily generalized to other octants by rotation and reflection (Fig. 2) , to other regular grids and connectivities by linear transformation [6] , and to GIQ-quantization by a simple substitution of variables (Section II of this paper).
The four parameters (n, q, p, s) can be of great practical use since they contain the information present in a chaincode string in a concise form. Fields of application might be the encoding or measurement of digitized objects. In fact, the research reported in this paper was motivated by a paper by Vossepoel and Smeulders [6] on the accuracy of length measurements of digitized straight line segments (see also [9] ). By characterizing a chaincode string by three parameters the authors were able to derive an accurate estimator for the line length to be associated with a chaincode string. They remarked, though, that these three parameters were insufficient to characterize a string completely, and that therefore their estimators could still be improved. In a sequel paper, we will use (n, q, p, s) to derive best linear unbiased estimators (BLUE) for the measurement of an arbitrary property of a digitized straight line segment.
At first sight, the choice of (n, q, p, s) as characterizing parameters of a straight string may seem arbitrary, and their definition complex. Actually, it was shown that these parameters summarize basic properties of a straight string: n is its length, q is its smallest periodicity, p/q is the simplest slope in agreement with the string, and s is a phase shift. Moreover, it was shown that the string can be obtained from (n, q, p, s) by the simple formula c: ci =pq(i -s) P (i -s 1 , l i = 15 2, ***,n.
Regarding the complexity of computation, we have developed an algorithm of order N for the decomposition of an arbitrary chaincode string of N elements into straight substrings, which simultaneously computes the parameters (n, q, p, s) of these substrings [10] .
Using the parameters (n, q, p, s) we were able to derive mathematical expressions for the domain of an arbitrary chaincode string in the "domain theorem." This theorem summarizes the set of all continuous lines which yield a specific chaincode string after digitization and thus comprises a kind of "inversion" of the digitization process.
There is a close relation between our domain theorem and the well-known chord property. Rosenfeld [3] 
